In the present study, the prediction of fatigue life by representing characteristic variations of defects with probability distribution functions was conducted by dividing the fatigue process into the crack initiation and crack propagation. Voids, hard inclusions (Al 2 O 3 ) and soft inclusions (MnS) in steels were supposed as defects and two prediction models were proposed. Only the life of crack propagation was predicted by Paris law in initial defects model (model A) while the life of crack initiation as well as propagation was predicted by Tanaka-Mura model in crack initiation model (model B). The stress intensity factor using area (projected square root area of defects) proposed by Murakami et al. was applied to Paris law in both models. The stress concentration due to defects and Taylor factor were applied to Tanaka-Mura model in the model B. These models were applied to four types of steels and the fatigue life was compared with the experimental results. In case of ductile cast iron including voids, the fatigue life predicted by both models was within the range of the experimental scattering. Although the fatigue life predicted by the model A was not consistent with the experimental results under high and low stress levels in case of Cr-Mo steel including MnS inclusions, the fatigue life predicted by the model B mostly showed a good agreement with experimental results. Therefore, it was demonstrated that the fatigue life prediction considering crack initiation showed higher precision than the prediction without crack initiation.
Introduction
Metals are used in a variety of applications such as automobiles, airplanes, bridges and buildings. The failure of metals can lead to serious accidents. Fatigue is the principal cause of many mechanical failures and it is known that fatigue cracks can occur by a variety of mechanisms. Defects such as inclusions and void can be the origin of the fatigue failures particularly in welding and casting materials. It is not practically possible or commercially feasible to always avoid the defects. Therefore, it is important to consider the effect of the size, shape, direction and location of the defects in terms of fatigue design.
A large number of experiments are required to obtain a statistically representative distribution of the fatigue properties and it takes significant time. Several physical models and empirical formulae have been proposed to predict the fatigue properties. For example, Murakami et al. 1) proposed the following formula for the fatigue limit, σ w :
square root area of the defect on the plane normal to the tensile stress. On the other hand, the prediction of fatigue properties by representing the characteristic variations of defects with probability distribution functions has been also conducted. 2) For the fatigue life, defects have been considered as pre-existent crack, and the crack propagation laws such as Paris law have been used to predict the fatigue life in the conventional approach. 3) For most of these prediction methods, the life spent in crack initiation has not been considered. However, it is suggested that the crack initiation may consume considerable part of the total fatigue life in high cycle fatigue even if the fatigue failure is induced by defects. 4) Therefore, it is significant that the crack initiation life is considered in the fatigue life prediction. The objective of this research is to improve the prediction of fatigue life arising from the defects by considering crack initiation. There are several existing models of the crack initiation: Dang- Van model 5) which is based on the stress criteria, Tanaka-Mura model 6) which is based on the strain criteria and Fatemi-Socie criterion 7) which is based on the mixed criteria for crack initiation. In this research, the prediction of the fatigue life is conducted on several types of steel. The Tanaka-Mura model is used to predict the crack initiation life since Tanaka-Mura model considered the material parameters such as shear modulus and Poisson ratio. The prediction is conducted by dividing the fatigue process into the crack initiation and crack propagation. Two models are used to evaluate the effect of the crack initiation life on the fatigue life. One is initial defects model (model A) and the other is crack initiation model (model B). Only the life of crack propagation is predicted by Paris law in the model A while the life of crack initiation as well as propagation is predicted by Tanaka-Mura model in the model B. The stress concentration factor and Taylor factor are applied to Tanaka-Mura model on the assumption that the fatigue failure arising from defects occurred by the stress concentration. Voids, hard inclusions (Al 2 O 3 ) and soft inclusions (MnS) are supposed as defects. These models are applied to four types of steels and compared with the experimental results.
Analytical Methods

Materials and Distribution
Four steels were examined in this study: ductile cast iron, Cr-Mo steel, as-rolled S35C steel and quenched S35C steel. Voids in ductile cast iron, MnS in Cr-Mo steel, Al 2 O 3 in S35C steels are supposed as defects in base materials. For cast iron and Cr-Mo steel, the experimental data of fatigue tests and defect observation were taken from the literature. 3, 8) The geometry of specimen is presented in Figs. 1(a) and 1(b). It was assumed that the defects located in the gauge area (target volume) as seen in Figs. 1(c) and 1(d) induced the fatigue failure in this research. The size of voids and MnS was decided in accordance with the distribution of Figs. 2(a) and 2(b), respectively. In the reference, 3) the probability distribution function of area for voids was derived by using generalized extreme value distribution and is given by
where μ 1 is the location parameter (0.501 mm), σ SD, 1 is the scale parameter (0.181 mm) and ξ 1 is the shape parameter (0.334). The probability distribution function of area for MnS was derived by using lognormal distribution and is given by
where μ 2 is the average (2.75 μm) and σ SD, 2 is the standard deviation (0.387 μm). This probability function was obtained by fitting the graph in the reference. 8) The number of voids and MnS located in the target volume was assumed 98 and 26, respectively calculated in reference to the density described in the literature. 3, 8) The example of the location and size of voids in the target volume are shown in Fig.  3 . In case of Al 2 O 3 in the other two steels, the geometry of specimen, the location, size and number of defects were assumed to be same as the case MnS in Cr-Mo steel. Using the same distribution function, ten distribution models of each material were created. 8) and target volume of (c) ductile cast iron, (d) Cr-Mo steel. were taken from the literature. 3, [9] [10] [11] [12] Young's modulus of Cr-Mo steel, S35C steel and void was assumed to be 205, 200, 200 and 0.001 GPa, respectively. Shear modulus was calculated from the Young's modulus and the Poisson ratio. The fatigue limit was calculated by the following formula,
where σ TS is the tensile strength. The literature values are used for the tensile strength of ductile cast iron and Cr-Mo steel. 3, 8) The tensile strength of as-rolled and quenched S35C steels was assumed to be 450, 1300 MPa, respectively.
Initial Defects Model (Model A)
In initial defects model (model A), the life of crack propagation was predicted by using Paris law, where the size of defects was assumed as the length of initial crack. The calculation algorithm of model A is shown in Fig. 4 . The location and size of defects were determined according to the probability distributions. The stress intensity factor of defects can be calculated by the following formula, 1)
where ΔK I is the stress intensity factor range, Y is the shape factor, which is 0.65 for surface defects and 0.61 for interior defects and Δσ is the applied stress range. The stress ratio was set to R = − 1 in all calculations presented in this paper. The above formula can be translated into the following formula by using the equivalent defect size which is the diameter of a circle having the area equivalent to a defect, 2)
where Q is 0.61 for surface defects and 0.47 for interior defects and a eq is the equivalent diameter. In this study, the stress intensity factor was calculated for all defects by the Eq. (6), and the maximum value of ΔK I was identified. The lower limit of size of defects was calculated by the following formula based on Kitagawa diagram, 13) a
where ΔK th is the threshold stress intensity factor range and Δσ w is the fatigue limit range. The a max is the size of the defect which had the maximum value of the stress intensity factor range (ΔK max ). The a max was compared to a 0 . If a max > a 0 and ΔK max > ΔK th , the crack propagation life was predicted by applying the integrated Paris law using the shape factor Y', 14) 
where a ini is the initial crack length and a f is the fracture crack length. The shape factor (Y') was defined by the following equations for the surface crack and the interior crack, respectively: 
where W is the diameter in Figs. 1(c) and 1(d), a is the crack length. It was assumed that a ini was the size of defect and a f was W, and the life of crack propagation equaled the fatigue life. If a 0 > a max and ΔK max > ΔK th , the life of crack propagation was predicted by Eq. (8) where the initial crack length was assumed as the equivalent defect size and the fracture size was assumed as the diameter of the specimen.
If ΔK th > ΔK max , it was assumed that the crack propagation did not occur. Through these procedures, the fatigue life of each specimen was predicted in model A. To evaluate the scattering in the fatigue life, the prediction was repeated 10 times with the same probability distribution function of the inclusions.
Crack Initiation Model (Model B)
In crack initiation model (model B), the life of crack initiation as well as crack propagation was predicted unlike the model A. The calculation algorithm of the model B is shown in Fig. 5 . The size and location of defects were decided in the same procedure as the model A. The crack initiation life of each defect was then predicted by the following Tanaka-Mura model, 6) 
where G is the shear modulus, W c is the fracture energy per unit area, ν is the Poisson ratio, d is the length of the slip band, Δτ is the resolved shear stress range and τ c is the critical resolved shear stress for dislocation motion. The values of G and ν are presented in Table 1 and it was assumed that W c = 2 kJ/m 2 15) and d was the mean grain size of 50 μm. Chan 16) proposed the following formula for Δτ and τ c , In addition, Eq. (12) was translated into the following formula considering the stress concentration factor (k t ) due to defects,
The stress concentration factor was calculated by 2D FEM for the elastic response of the steel matrix. The shape of defects was assumed as ellipse. The aspect ratio and the angle against the load direction were 1:1, 3:2, 3:1, 5:1 and 0°, 15°, 30°, 45°, 60°, 75°, 90°, respectively. The outline of the size and boundary condition of FEM are shown in Fig.  6 . The lower edge at y = 0 was constrained in the y-direction and the point A was constrained in the x-direction and y-direction. The stress of σ = 100 MPa was loaded on the upper edge. The mesh size around defects assumed as an ellipse whose major axis was 0.3 mm and minor axis was 0.1 mm was examined by changing the mesh size and comparing the stress concentration factor of FEM with that of the analytical solution. 17) The stress concentration factor of each mesh size and the analytical solution are shown in Fig. 7 . Based on these results, the mesh size around defects was assigned as 1 μm on the consideration of the accuracy and the calculation time. The stress concentration factor of the arbitrary angle and aspect ratio was obtained by multiple regression analysis. The crack initiation life was predicted by Eqs. (11)- (14) . The stress intensity factor of each defect and the threshold size of defects were calculated by the same way as the model A. The size of each defect was compared to a 0 . If a > a 0 and ΔK > ΔK th , the life of crack propagation was predicted by Eq. (8) where the initial crack length was assumed as the sum of the equivalent defect size and twice as long as the grain size and the fracture length was assumed as the diameter of the specimen. The fatigue life arising from each defect was calculated by adding the life of crack initiation to that of crack propagation. The output of the model B equaled the minimum of them. If a 0 > a max and ΔK max > ΔK th or ΔK th > ΔK max , the fatigue life was predicted by the same way as the model A. Through these procedures, the fatigue life of each specimen was predicted in the model B.
The probability distribution function of the aspect ratio was assumed as normal distribution given by f AR AR  1  1   2   1   2   3  3  3   3   2   3   2 ; , exp , , ,
... (15) where μ 3 is the average and σ SD, 3 is the standard deviation. The variable of the probability distribution function was defined as inverse of the aspect ratio (AR) which is a/b (the major-axis/the minor-axis) to fall within the range of [0, 1]. In case of voids, μ 3 (void) was assumed to be 0.5 because the casting voids can be gas voids which are typically round. The σ SD, 3 (void) was assumed to be 0.05. In case of MnS, μ 3 (MnS) and was arbitrary defined as 0.3 to represent the elongated MnS in rolled steels. The σ SD, 3 (MnS) was assumed to be 0.05. The probability distribution function of the angle was assigned a uniform distribution.
Results and Discussion
Stress Concentration Factor due to Defects
The results of each finite element analysis are presented in Fig. 8 . From these results, it is indicated that the stress concentration factor decreases as the angle increases in the case where Young's modulus of the matrix is higher than that of defects such as voids and MnS while the stress con- centration factor increases as the angle increases in the case where Young's modulus of the matrix is lower than that of defects such as Al 2 O 3 . In this study, approximate formula was calculated by multiple regression analysis as follows, . .
. .
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... (18) where θ is the angle against the loading direction and AR is the aspect ratio. The stress concentration factor obtained by those formulae is compared with that by FEM. The results are shown in Fig. 9 . The results showed that the stress concentration factor of the arbitrary angle and aspect ratio can be obtained with high accuracy by the above formulae.
Fatigue Life Predicted by Model A in Consideration of Crack Propagation
The results of the fatigue life prediction by model A were presented in Fig. 10 . In the case of ductile cast iron including voids, the fatigue life predicted by the model A was within the range of the experimental scattering as shown in Fig. 10(a) . In the case of Cr-Mo steel including MnS, the fatigue life was not consistent with the experimental results under high and low stress levels as shown in Fig. 10(b) . In this regard, it is considered that it is incorrect to consider MnS as pre-existent crack.
To consider the effect of tensile strength of base materials on the fatigue behavior, the fatigue life arising from Al 2 O 3 was compared to the fatigue life from the matrix in the case of as-rolled S35C steel including Al 2 O 3 as shown in Fig.  11(a) . In the case of crack growth starting from matrix, the initial crack length was defined by Eq. (7) . The results showed that the fatigue life from Al 2 O 3 was more than the fatigue life from the matrix in as-rolled S35C steel. This means that defects does not influence on the fatigue failure in this case. On the other hand, in the case of quenched S35C steel including Al 2 O 3 , the fatigue life from Al 2 O 3 was less than the fatigue life from the matrix predicted by the model A as shown in Fig. 11(b) . From these results, it is indicated that the defects in the high-strength steel are likely to influence on the fatigue failure. The above transition was quantitatively investigated by changing the matrix's tensile strength and verifying the probability that the fatigue failure occurred from MnS. The probability was calculated by dividing the number of the fatigue failure arising from MnS by the number of the samples, specifically 1 000. The relationship is shown in Fig. 12. Murakami reported that the defects influenced on the fatigue failure when the Vickers hardness was more than HV 400, 18) which roughly corresponded the tensile strength of about 1 200 MPa. This result showed an agreement with the previous research.
Fatigue Life Predicted by Model B in Consideration of Crack Initiation and Crack Propagation
The results of the fatigue life prediction by the model B are presented in Figs. 13(a) and 13(b) . Compared with the fatigue life predicted by the model A, the fatigue life predicted by the model B did not change in the case of ductile cast iron because the life of the crack initiation was far less than that of the crack propagation due to the high stress concentration factor in the range of loaded stress ranges. The fatigue life predicted by both models did not completely represent the scattering of the experimental results. It is assumed that it is necessary to consider the other phenomenon such as the crack coalescence and the cluster of defects. In the case of Cr-Mo steel including MnS, the fatigue life predicted by the model B mostly showed a good agreement with experimental results. In addition, the result that the origin of the fatigue failure was the surface defect in the high stress range and the origin was the interior defect in the low stress range was also obtained. In this model, the effect of the crack initiation increases as the loaded stress In the high stress range, the origin was the surface defect whose coefficient of the stress intensity factor applied to Paris law was higher than that of the interior defect. In the low stress range, the origin was the interior defect whose stress concentration factor was higher than the surface defect in this case. 
Effects of Model Parameters on Fatigue Life
From the above results, the origin is assumed to depend on those parameters. The effect of parameters on the fatigue life in the model B is summarized in Fig. 15 . The parameters of Paris law (C and m) and stress intensity factor (Q and area ) influence on the crack propagation life. In the case of parameters of Paris law, m and C are concerned with the slope and intercept of S-N curve, respectively. In the case of parameters of stress intensity factor, Q is 0.61 (surface) or 0.47 (interior) and contributes to two black lines in Fig. 14, and area contributes to the width of each line. The parameters in Tanaka-Mura model (G, W S , ν, d, M and τ c ) and the stress concentration factor (k t ) influence the crack initiation life. The τ c and the stress concentration factor especially contribute to the plateau of the crack initiation life. The position of the plateau rises as the stress concentration factor decreases and τ c increases. Thus, the crack initiation life and the crack propagation life severally depend on the parameters used in Paris law and Tanaka-Mura model in this model.
Limitation of Models for Fatigue Life Prediction
The model B predicts the crack initiation life by Tanaka-Mura model on the assumption that the fatigue crack does not initiate in the inclusion and the debonding of the inclusion/matrix interface does not occur until the fatigue crack initiate in the matrix. However, it is reported that the type of the crack initiation due to the inclusion is classified into three cases. 19) In the first case, the fatigue crack initiates from a completely debonded inclusion in the initial loading. In this case, the inclusion can be treated like a void or notch. In the second case, the debonding does not occur in the initial loading and the cyclic loading results in the inclusion debonding or cracking. In the third case, the inclusion is not debonded or cracked and the fatigue crack initiate in the matrix. The model B is applicable to the third case for the fatigue life prediction and it is necessary to consider the debonding of the inclusion/matrix interface to expand the application range.
Conclusions
In this study, we proposed a method for predicting fatigue life by considering the crack initiation from inclusions. The proposed method was applied to four types of steel and the following conclusions were drawn.
(1) In initial defects model (model A), the fatigue life arising from defects was predicted by Paris law on the assumption that defects were considered as pre-existent crack. In crack initiation model (model B), the fatigue life arising from defects was predicted by Tanaka-Mura model and Paris law.
(2) In case of ductile cast iron including voids, there was little difference in the fatigue life predicted by both models due to the high stress concentration factor of voids.
(3) In case of as-rolled and quenched S35C steels including Al 2 O 3 , it was indicated that defects in the highstrength steel were likely to influence on the fatigue failure.
(4) In case of Cr-Mo steel including MnS, the fatigue life predicted by model B mostly showed a good agreement with experimental results. The result that the origin of the fatigue failure was the surface defect in the high stress range and it was the interior defect in the low stress range was also obtained. 
